This paper deals with a one-dimensional parabolic cross-diffusion system describing two-species models. The system under consideration is strongly coupled and the coefficients of the equations are allowed to be discontinuous. The existence and uniqueness of nonnegative global solutions are given when one of the cross-diffusion pressures is zero. Our approach to the problem is by an approximation method and various estimates.
Introduction
In the previous work [], we presented a parabolic cross-diffusion system describing twospecies models on a bounded domain with different natural conditions, and studied the corresponding steady-state problem, an elliptic cross-diffusion system. In this paper, we deal with this parabolic cross-diffusion system for the one-dimensional case under the homogeneous Neumann boundary conditions.
Assume that (, l) is partitioned into two intervals I () Let u = u(x, t), v = v(x, t) be the population densities of the two species. Assume that the species share the same habitat, the interval [, l] , and that for each species, the density and the flux of the density are all continuous across the inner boundary T . According to [] , when the cross-diffusion pressure for the second species is zero, u, v are governed by the 
k j, and k j, (j = , ) are positive constants, and β, γ and δ are nonnegative constants. In (.), k  (x) and k  (x) are the diffusion rates, βk  (x) and δk  (x) are the self-diffusion rates, and γ k  (x) is cross-diffusion rate (see [] ). In  Shigesada et al. [] proposed a mathematical model with cross-diffusion to investigate the spatial segregation phenomena of two competing species under inter-and intra-species population pressures. It is a strongly coupled quasilinear parabolic system. Over the past  years, quasilinear elliptic and parabolic systems with cross-diffusion have been treated extensively in the literature both in theory and in applications, and most of the treatments are for systems with continuous coefficients (see [-] and the references therein). In [] , by Schauder's fixed point theorem, we discussed the existence of nonnegative solutions for the elliptic system with cross-diffusion and discontinuous coefficients. In this paper, problem (.) is a strongly coupled parabolic system with cross-diffusion. In addition, the diffusion rates, self-diffusion rates, cross-diffusion rates and reaction functions are all allowed to be discontinuous. Based on the result of Lou et al. [] for a parabolic system with continuous coefficients, we shall use approximation method and various estimates to show the existence and uniqueness of global solutions for problem (.).
The paper is organized as follows. In the next section we introduce the notations, hypotheses, and main result. In Section  we construct an approximation problem of (.) and establish the uniform estimates of solutions for the approximation problem. Section  is devoted to the existence and uniqueness of solutions for problem (.).
The notations, hypotheses, and main result
For any set S,S denotes the closure of S. The symbol I ⊂⊂ I means that I and I are open intervals andĪ is a subset of I. Denote
where s, r ≥ . W 
We let
equipped with the norm
possesses the following properties:
For any fixed i ∈ {, } and for any
(ii) For any I ⊂⊂ (, l) and τ ∈ (, T), there existsᾱ ∈ (, ), such that
T (i = , ), the initial conditions on {(x, t) : x ∈ (, l), t = } and the inner boundary conditions on T , and satisfies the homogeneous Neumann boundary conditions on S T for almost all t.
We see from property (ii) in Definition . that if (u, v) is a solution of (.), then u x , v x are Hölder continuous up to the inner boundary T , and u t , v t are Hölder continuous across T .
Throughout the paper we make the following hypotheses on the various functions in (.):
and satisfy the compatibility conditions
The main result of this paper is the following theorem.
Theorem . Let hypothesis (H) hold. Then problem (.) has a unique solution (u, v).
Since T is an arbitrary positive number, the solution (u, v) given by Theorem . is global.
3 An approximation problem of (1.1)
In order to show the existence and uniqueness of solutions for problem (.), in this section we shall construct an approximation problem and establish the uniform estimates of its solutions.
The global solution for the approximation problem
To construct an approximation problem of (.), we first construct some approximation functions. For an arbitrary ε > , let ζ ε = ζ ε (x) a smooth function with values between  and , such that
, we consider the following approximation problem of (.):
Proof By (.) and (.), and by a minor modification, we can use the arguments in [] to prove this proposition. The detailed proofs are omitted here.
Uniform estimates of max Q T u ε , max Q T v ε
In order to investigate the limit of vector sequence {(u ε , v ε )} governed by (.), in the rest of this sections we derive some uniform estimates of u ε , v ε . We shall use the following relations several times:
For notational simplicity, we shall use α , α ,ᾱ, C  , C  and C(· · · ) to denote constants depending only on T,
and the quantities appearing in parentheses, independent of ε. The same letter C will be used to denote different constants depending on the same set of arguments.
Lemma . We have
Proof By using the maximum principle (see 
Lemma . The following estimates hold:
and
(k ε (x)w εx ) x , integrating it over Q t and then using (.), (.), (.), and Cauchy's inequality, we see that, for any ϑ > ,
We choose ϑ = / and employ (.) to find
Furthermore, from (.), (.), and (.) it follows that (.) holds, and
and from Chapter II, equation
Combining this inequality and (.) leads us to estimate (.).
Based on Lemma ., let us estimate max Q T u ε .
Lemma . We have
Proof Chooseσ > max{max x∈ [,l] u  (x), }, and let
Multiplying the first equation of (.) by u (σ ) ε and then integrating by parts over Q t  , we see from (.), (.), and Cauchy's inequality that, for any ϑ > ,
Setting ϑ = μ  /, we have 
Uniform Hölder estimates
In this subsection, we establish uniform Hölder estimates of u ε , v ε and their derivatives.
Lemma . For any open interval I ⊂⊂
Here and below, d := min{dist(, I ), dist(l, I )}.
Proof It is obvious that u ε is a bounded generalized solution of equation
By (.), (.), and (.), we get
, by employing Chapter V, Section , Theorem . in
[], we obtain (.).
We next give the Hölder estimates of derivatives.
Lemma . For any fixed i ∈ {, } and for any I ⊂⊂ I
Proof Choose open intervals I j and positive numbers τ j , j = , . . . , , such that I ⊂⊂ I  ⊂⊂ · · · ⊂⊂ I  ⊂⊂ I (i) and τ  < · · · < τ  < τ . By (.), for small enough ε, we have
We first derive uniform Hölder estimates of derivatives of v ε . Set
Then v ε is a solution of equation
Note that
According to Chapter V, Theorem . in [] , it follows that, for some
In addition, v ε is a solution of the linear equation
The Schauder estimate for linear parabolic equation further yields
We next use (.) to show the uniform Hölder estimates of derivatives of u ε . Let
Thus u ε = u ε (x, t) is a solution of the following equation:
then we see from (.), (.), and (.) that when (x, t, u, p)
Again by Chapter V, Theorem . in [] we see that, for some
Furthermore, u ε is a solution of the linear equation
Using (.), (.), and (.) leads to
ḡ ε ,ĝ ε ,g ε , g ε C α  (Ī  ×[τ  ,T]) ≤ C d , τ for some α  = α  (d , τ ) ∈ (,
). Again by Schauder estimate we have
which along with (.) yields (.).
Estimates of u ε
We first give the following uniform estimates of derivatives of u ε .
Lemma . We have
Multiplying (.) by (k ε (x)z εx ) x and then integrating it over Q t , from (.), (.), (.), and Cauchy's inequality we see that, for any ϑ > ,
Choosing ϑ = / and using (.) and (.), we further get 
Then it follows from the second equation of (.) that
Multiplying this equation byv and integrating by parts over Q t , from (.), (.), and Cauchy's inequality we find that, for any ϑ > ,
Similarity, we see from the first equation of (.) that
As we have done in the derivation of (.), by a direct computation we have
Combining (.) and (.) leads us to the inequality
where
In view of (.) and (.), it follows from (.) that
.
Moreover, Gronwall's inequality leads to
which along with (.) implies (.).
Uniform estimates of u εxt , v εxt L 2 (I ×(τ ,T])
To get the regularity of the limit function of sequence {(u ε , v ε )}, we need to derive the uniform estimates of u εxt , v εxt L  (I ×(τ ,T]) .
Lemma . For any open interval I ⊂⊂ (, l) and any number τ ∈ (, T), we have
Proof Choose open intervals I j and positive number τ j , j = , , , such that I ⊂⊂ I  ⊂⊂ I  ⊂⊂ I  ⊂⊂ (, l) and τ  < τ  < τ  < τ . Differentiating the second equation of (.) with respect to t and noting that v εxt = v εtx we get
Multiplying equation (.) by v εt λ  and then integrating by parts over
, and Cauchy's inequality we deduce that, for any ϑ > ,
Choosing ϑ = μ  /, we have
As in the proof of Lemma ., employing Gronwall's inequality and (.), from this inequality we get (.) and the uniform estimate of
Based on (.) and (.), we next show that (.) holds. Let ξ = ξ (x, t) be a smooth function with values between  and  such that ξ =  for (x, t) ∈ I  × (τ  , T], ξ =  for x / ∈ I  or t ≤ τ  , and |ξ x | + |ξ t | ≤ C/d + C/τ for all (x, t). Similarly, differentiating the first equation of (.) with respect to t, multiplying the resulting equation by u εt ξ  and integrating it over
, we find from (.), (.), (.), (.), and Cauchy's inequality that, for any ϑ > ,
Setting ϑ = μ  / and using (.), (.), (.), and (.), we have
Again by Gronwall's inequality we obtain (.).
The proof of Theorem 2.1
To prove Theorem ., let us discuss the behavior of vector sequence {(u ε , v ε )} governed by (.) as ε → . 
Proof We see from estimate (.) that there exist functions u, v ∈ V  (Q T ) such that
and from (.), (.) that there exist subsequences (hereafter we retain the same notations for them) {u ε }, {v ε }, such that
In addition, it follows from (.), (.), (.), and the Arzela-Ascoli theorem that, for any given open interval I ⊂⊂ (, l), there exist subsequences {u ε }, {v ε }, such that {u ε }, {v ε } converge to u, v in C(Ī × [, T]), respectively, and from (.) that, for any given i ∈ {, }, 
, multiply the equations in (.) by η and then integrate by parts over Q t to get
We next investigate the limit of each term in (.), (.). It follows from (.), (.), and (.) that
Furthermore, (.) and (.) yield
Consequently,
Letting ε →  and using (.) and (.)-(.), we find from (.), (.) that the integral identities (.), (.) hold.
We next investigate the regularity of (u, v) in the neighborhood of inner boundary T . 
Lemma . For any I ⊂⊂
(, l) and τ ∈ (, T), v t ∈ Cᾱ (Ī ×[τ , T]) and v x ∈ Cᾱ ((Ī ∩Ī (i) )× [τ , T]) (i = , ) for someᾱ =ᾱ (d , τ ) ∈ (, ).
